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A new viscous- inviscid  i n t e r a c t i o n  procedure is presented 
which is app l i cab l e  t o  separa ted  flow;. The new procedure is 
simple, converges r ap id ly ,  and does Q G i  r e q u i r e  etanaerica1 smooth- 
i ng  and underrelaxat ion,  a t  l e a s t  i n  t h e  ca se s  cmpu ted  t h u s  far. 
Calcu la t ions  a r e  presented for t h e  low speed sepa ra t ed  flow i n  
t h e  junc ture  region between an axis tsic body and s t i n g .  me 
viscous computation is done with  an erse boundary-layer pro- 
cedure which was previously  developed. The i n v i s c i d  capu ta t i on r  
is made wi th  an a x i s m e t r i c  trkenwnie code c a l l e d  R 
main advantage-of t h e  new i s t e r s c t i ~ n  proceduse is that  it com- 
b ines  an  i nve r se  laoundwry-layea technique, which is app l i cab l e  
t o  s e p a ~ a t e d  Slows, with as e x i s t i n g  i n v i s c i d  a n a l y s i s  code wfth 
only a s l i g h t  b u a d a r g  condi t ion  change r equ i r ed  i n  t h e  i n v i s e i d  
code. 
INTWQDUCTZ ON 
An accu ra t e  p r ed i c t i on  of t h e  aerodynamic forces on a veh i c l e  4 :. 
r equ i r e s  t h a t  t h e  i n t e r a c t i o s  '.e%xt;.eu t h e  v i scous  and ilnviscid i 
flow be taken i n t o  account, p2 j : t i~u l a r lg  near  t h e  a f t  end where 
t h e  th ickness  of t h e  viscous i a y e r  i r  s i g n i f i c a n t  and sepa ra t i on  
o f t e n  occurs.  I f  separa t ion  is presen t ,  conventional matching of 1 :  
t h e  boundary-layer and i n v i s c i d  flow is d ivergent  s i n c e  t h e  .g : , 
boundary-layer s o l u t i o n  is s i n g u l a r  at t h e  s epa ra t i on  po in t ,  
r e s u l t i n g  i n  a d i sp l acmen t  body wi th  a v e r t i c a l  s l ~ p e .  Th i s  I i  1 
breakdown due t o  separa t ion  has  been avoided i n  s eve ra l  conven- 4 $! 
. P a  
t i o n a l  boundary-layer approaches by making va r ious  assumptions 3 ;  
about t h e  separa ted  region such as t h a t  presented i n  re fe rence  1 . 
f o r  s u p e r c r i t i c a l  a i r f o i l s  and r e f e r ence  2 f o r  a x i s y m e t r i c  boat- 
t a i l  flows. T h i s  s i n g u l a r i t y  cm be el iminated by so lv ing  t h e  
boundary-layer equat ions  inverse ly ;  t h a t  is, t h e  displecement 
th ickness  is prescr ibed  and t h e  pressure  d i s t r i b u t i o n  is deduced 
from t h e  boundary-layer so lu t ion .  In  r e f e r ence  3, a recen t ly -  
developed inve r se  boundary-layer formulation and f i n i t e - d i f f e r e n c e  
so lu t i on  technique is presented and its a p p l i c a b i l i t y  t o  t u rbu l en t  
separa ted  flows is demonstrated. Th i s  new boundary-layer procedure 
can be used i n  e i t h e r  t h e  direct mode (pressure  prescr ibed ,  a t t ached  
flow) o r  i nve r se  mode (displacement th ickness  p rescr ibed) ,  and is no 
more complicated than  conver t ional  s o l u t i o n  techniques.  
The presen t  d i f f i c u l t y  i n  us ing  an inverse  boundary-layer f 
technique is t h e  coupling of such a procedure t o  a simultaneous 
computation of t h e  i n v i s c i d  flow t o  i t e r a t i v e l y  so lve  f o r  t h e  , 
1 
viscous- inviscid  i n t e r a c t i o n .  Some progress  has  been made i n  t hPs  , 
> . '  
I 
a r e a  with  t h e  developmaat of t h e  i n t e r a c t i o n  procedures given i n  
i ' 
r e f e r ences  4 and 5 for low-speed laminar flows and r e f e r ences  6 I I .  ! ' I 
and 7 f o r  t r anson ic  turbulent flows. However, s i g n i f i c a n t  improve- I I t  
ments are needed i n  t h e  f irst  t h r e e  of t h e s e  t e c b i q u e s  s i n c e  they  
have var ious  l i m i t a t i o n s  and have oo t  received widespread use.  
j i '  
The technique developed by Thiede i n  re fe rence  7 appears  to  be 
q u i t e  promising as it combines an i nve r se  i n t e g r a l  boundary-layer j i f  
technique with a r e l a x a t i o n  solutilon of t h e  exac t  p o t e n t i a l  equa- f " i + 
t i o n  through a novel matching procedure presented i n  re fe rence  8. 
Unfortunately,  Thiede only presented t h e  o u t l i n e  of t h i s  i n t e r -  
a c t i o n  procedure; f u r t h e r  d e t a i l s  are requi red  i n  o r d e r  t o  
implement t h i s  scheme. 
The purpose of t h i s  r epo r t  is t o  presen t  a new i n t e r a c t i o n  
procedure which permits t h e  i nve r se  boundary-layer procedure re- 
w r t e d  r e c e n t l y  i n  re fe rence  3 t o  be combined wi th  an e x i s t i n g  a' 
i n v i s c i d  flow ana lys i s .  This  new i n t e r a c t i o n  technique is demon- 
s t r a t e d  by p r e s e n t i r g  s o l u t i o n s  f o r  t h e  separa ted  t u rbu len t  flow i ! i " 
I I 
ove; axisymmetric body s t i n g  junc ture  which is schematical ly  1 1 ' ; '  
shown i n  f i g u r e  1. The i n v i s c i d  c a l c u l a t i o n s  were m d e  w i t h  an 
axisyarametric t ransonic  code c a l l e d  WWD. Thi s  code, which 
numerically so lves  t h e  exact  p o t e n t i a l  equatPon by r e l axa t ion ,  
was o r i g i n a l l y  developed by South and J son (&f. 9) and l a t e r  
modified and docmentedl i n  r e f e r ence  10. These c a l c u l a t i o n s  a r e  
f o r  low-speed flow only;  however, work is undernay t o  extend 
the se  c a l c u l a t i o n s  to t r anson ic  speeds u s i n g  t h e  compressible 
inverse  boundary-layer procedure i n  r e f e r ence  3. This  new i n t e r -  
a c t i on  procedure,  which is simple and converges r ap id ly ,  should 
be equa l ly  app l i cab l e  to  two-dhensianal  f lows such as t h a t  over  
an a i r f o i l ,  provided an appropr ia te  i n v i s c i d  code is used. 
S ~ O L S  
s k i n  f r i c t i o n  c o e f f i c i e n t  
c o e f f i c i e n t  of p ressure  
boundary-layer s k p e  f a c t o r  
i n t e r a c t i o n  i t e r a t i o n  index 
Reynolds nmber  based om free s.&reapaarvelocityr;ndabdyle~lgth 
body r a d i u s  
v e l o c i t y  component p a r a l l e l  t o  body au r f ace  
v e l o c i t y  comgonent p a r a l l e l  t o  b d g  s u r f a c e  a t  edge of 
boundary l a y e r  
u, pred ic ted  by v i scous  c a l c u l a t i o n  
ue pred ic ted  by i n v i s c i d  c a l c u l a t i o n  
normal v e l o c i t y  component a t  body s u r f a c e  - 
coord ina te  measured a long body s u r f a c e  
displacement th ickness  
0 momentum th ickness  
w r e l a x a t i o n  parameter 
P d e n s i t y  
=a shea r  stress at  body surface 
VISCOUS ANALYSIS 
The i n v e r s e  boundary-layer t e c t a i q u e  used i n  t h e  presen t  cal- 
* 
c u l a t i o n s  is t h e  6 -prsscr ibed procedure presented i n  refer- 
ence 3, which is a f in i t e -d i f f e r ence  t e c b i q u e  %or t h e  tvo- 
dimensional incompressible boundary-layer bquations.  For t h e  
presen t  app l i ca t i on ,  t h e  Mangler t rans fomat i r rn  (ref. 11) is 
used Lo conver t  t h e  two-dimensional boundasy-layer s o l u t i o n  t o  
t h e  requi red  axisynnr~etric so lu t i on .  I n  t h e  preseu t  i nves t i ga t i on ,  
t h e  Crank-14icolson f i n i t e -d i f f z r ence  scheme use4 i n  re fe rence  3 
was replaced wi th  a f i r s t - o r d e r  accu ra t e  scheme t o  suppress  t h e  
streamwise o s c i l l a t i o n s  which occurred i n  tba body-sting junc ture  
region.  The f i r s t - o r d e r  accu ra t e  scheme has g r e a t e r  stre 
damping than  t h e  second-order %ccurate  Crank-:'icaEsolm scheme, 
which has  n e u t r a l  s t a b i l i t y  i n  the w a l l  rezionr. This  same modi- 
f i c a t i o n  was used i n  a previous i n w e s t i g ~ t i o n  repor ted  i n  refer- 
ence 1 2 i n  which o s c i l l s t i o n s  r e s u l t e d  when the  Crank-Mlicolson 
scheme was used to  so lve  t h e  boundary-layer equa t ions  subgect 
t o  discoat inuous w a l l  ei~t ion.  
I n  t h e  presen t  ca l cu l a t i uns .  even w3th t h e  f i r s t - o r d e r  scheme, 
some o s c i l l a t i o n s  still occurred i n  the sol~n' t ion u n l e s s  t h e  term 
* 
- , which appears  i n  t h e  x-mmentum equat ion,  w a s  di f fe renced  
ax 
i n  its conserva t ive  (unexpanded) form. E i t h  m used to  denote 
t h e  x-grid po in t  index, t h e  consemut lve  d i f f e r enc ing  of t h f s  
term g ives  
where O(Aq) is t h e  f i r s t - o r d e r  t r unca t ion  e r r o r .  In  t5e pre- . 
vious s tudy  (ref. 3) t h i s  iswe d i d  not arise s i n c e  both t h e  
conservat ive  and nonconsesvative form of t h i s  term r e s u l t s  i n  
t h e  same f in i t e -d i f f e r ence  expression,  which is given as fol lows,  
when t h e  Crank-Nicolson scheme is used: 
The i n v i s c i d  c a l c u l a t i o n s  were done wi th  a program c a l l e d  
RAXEOD (ref. 10)  which so lves  t h e  f i n i t e - d i f f e r e n c e  form of t h e  
exact  p o t e n t i a l  equation by successive l i n e  over re laxa t ion  f o r  
t h e  t r anson ic  (or subsonic) i n v i s c i d  flow over atrisgranmetric 
bodies in free air.  For bodies  w i t h  a s t i n g  t h i s  program u s e s  
a body-nomal coordinate  on the farebody up t o  t h e  first ha r i -  
zon t a l  tangent  and a sheared c y l i n d ~ i c a l  cooadinate  s y s e a  aft 
of that: po in t .  Th i s  coordinate  system s e a s  pa r t i cu l a rPy  w e l l  
s u i t e d  to bodies  which have sharp  corners  as demonstrated by 
South and J m e s o n  ( r e f .  9). A s t r e t c h i n g  is appl ied  t o  bo th  
t h e  normal a d  t angen t i a l  coord ina tes  such t h a t  t h e  i n f i n i t e  
physical  space is mapped to  a f i n i t e  computational space. A 
t y p i c a l  mesh d i s t r i b u t i o n  is shown i n  f i g u r e  2. This  program 
is easy t o  u s e  and has  been combined by s e v e r a l  i n v e s t i g a t o r s  
such as Wilmoth [ref. 2) with  d i r e c t  (p ressure  prescr ibed)  
boundary-layer calculat%ons.  
INTERACTION P eTPZE 
The i t e r a t i v e  procedure, which is shown i n  f i g u r e  3, beg ins  
wi th  an i n i t i a l  guess f o r  d*, t h e  displacement th ickness  d l s t r i -  
but ton,  which is then input  t o  t h e  i nve r se  boundary-layer code; -. 
and t h e  r e s u l t i n g  so lu t i on  y i e l d s  t h e  viscous edge ve loc i ty .  The I 
displacement e f f e c t  of t h e  viscous l a y e r  on t h e  ex t e rna l  i n v i s c i d  
I 
' flow is represented by prescr ib ing ,  i n  t h e  i n v i s c i d  i?J.ow co~llputa-. i . I 
t i o n ,  an i n j e c t i o n  ( o r  suc t ion)  v e l o c i t y  a t  t h e  body su r f ace  whicb I 
is given by . I 
f o r  ax i sy ime t r i c  incompressible flow. This  r ep re sen t a t i on  of t h e  
boundary l a y e r  is equivalent ,  b u t  p r e f e r ab l e ,  t o  adding t h e  d i s -  
placement th ickness  t o  t h e  o r i g i n a l  body; i n  t h e  lat ter  case  a 
recomputation of t h e  i nv i sc id  mesh and a complete r e s t a r t  of t h e  
i n v i s c i d  s o l u t i o n  is requi red  f o r  each i n t e r a c t i o n  cyc le .  U s e  of , ! 
equation (3) a f f e c t s  on ly  t h e  s u r f a c e  boundary condi t ion  i n  t h e  
i nv i sc id  c a l c u l a t i o n  and thus  does  not  r e q u i r e  s i g n i f i c a n t  modi- 
f i c a t i o n s  be made t o  t h e  i n v i s c i d  code. The ou tpu t  from t h e  
i nv i sc id  c a l c u l a t i o n  which is made wi th  RABOP) i n  t h e  present  
case ,  is t h e  i n v i s c i d  su r f ace  t a n g e n t i d  ve loc i ty .  
The next s t e p  i n  t h e  i n t e r a c t i o n  procedure is t h e  cmputa-  
t i o n  of t h e  new displacement t h i cknes s  d i s t r i b u t i o n  which, a s  
shown i n  f i g u r e  3, is deduced from t h e  mismatch of t h e  v i scous  
and i n v i s c i d  t angen t i a l  v e l o c i t i e s  by 
u  
* * ev 
'new 'old ii- 
e~ 
This  update procedure f o r  t h e  displacement t h i cknes s  is t h e  key 
l i n k  which a l lows  an i nve r se  boundary-layer c m p u t a t i o n  t o  be 
combined with  a  d i r e c t  i n v i s c i d  flow ana lys i s .  The i t e r a t i v e  
process  cont inues  u n t i l  convergence is obta ined  when t h e  new and 
o l d  displacement th ickness  d i s t r i b u t i o n s  d i f f e r  by less than a 
spec i f i ed  to le rance .  
This  new update procedure f o r  t h e  displacement th ickness  was 
o r i g i n a l l y  an ad hoc assumption, bu t  f u r t h e r  e x m i n a t i o n  shows 
t h a t  i t  is somewhat analogous t o  t h e  r e l a t i o n s h i p  between changes 
i n  u, and 6' given by t h e  von Karman momentum i n t e g r a l  
6 
* 
If the shspe factor H r - 6g is introduced and its stremrise 
variation is neglected, then equation (5) can be approximately 
written as 
The update procedure on the displacement thickness, including a 
relaxation parameter w,  can be written as 
where if o = 1 equation (4) is obtained. With the definition 
\ and correspondingly 
I 
Equation (7) can be rearranged to give the approximate relation 
. 
Comparison of equations (6) and (10) shows that they are quite 
* 
similar in rela 4 en increment in ue to that in 6 , 
parti~111arIy where the skin friction is wall. It is recognized 
that this comparison is not exact since the increments in ue 
ard 6*  in the momcnfum integral quation are changes in the 
streamwise direction whereas those in equation (16)) refer to 
changes between successive interaction cycles. Nonetheless, 
there seems to be some merit to this comparison since; for 
example, an alternate 6* update procedure given by 
which is not analogous to the momenturmr integral equation was 
found to be divergent. Following the same steps which led to 
equation (ID), equation (11) can be approximately written as 
which differs in sign frcm equation (10). 
Yost VISCOUS-inviscid interaction schemes require under- 
relaxation (w < 1) for convergence, but in the present calcula- 
tions it was found that overrelaxation (w > 1) could be used to 
accelerate the convergence of the interaction process. The 
similarity between equations (6) and (10) offers an explanation 
since,even with overrelaxation, it was observed in the present 
calculations that 
s i n c e  H t y p i c a l l y  v a r i e s  from 1 t o  2.5, whi le  w had to  be 
r e s t r i c t e d  t o  va lues  less than  2 t o  avoid divergence. 
RESULTS AND DISCUSSION 
I n t e r a c t i o n  r e s u l t s  obtained with t h i s  procedure were 
obtained f o r  t h e  tu rbu len t  incompressibLe flow over e l l i p s o i d s  
with  1011 and 1013 a x i s  r a t i o s  and s t i n g s  which a r e  20 percen t  
and 33 percent ,  respec t ive ly ,  of t h e  maximum body radius .  A 
small f i l l e t  was i n se r t ed  between t h e  body and s t i n g  t o  avoid 
a s lope  d i scont inu i ty .  The i n i t i a l  5*  d i s t r i b u t i o n  t h a t  was 
used to i n i t i a l i z e  t he  i n t e r a c t i o n  procedure w a s  obtained from 
a d i r e c t  boundary-layer computation us ing  a modified i n v i s c i d  
t a n g e n t i a l  s u r f a c e  ve loc i ty  a s  shown i n  f i g u r e  4 f o r  t h e  10/3 
e l l i p s o i d .  This  kundary- layer  computation was made with  t h e  
same program t h a t  w a s  used i n  t h e  i nve r se  c a l c u l a t i o n s  s i n c e ,  a s  
discussed i n  re fe rence  3, e i t h e r  t h e  d i r e c t  o r  i nve r se  op t ion  I 
can be  exerc i sed  i n  t h i s  boundary-layer formulation with  on ly  a i 
simple boundary condi t ion change requi red .  I t  w a s  necessary t o  1 
f l a t t e n  t h e  i n v i s c i d  v e l o c i t y  d i s t r i b u t i o n  such t h a t  t h e  boundary 1 
l a y e r  d i d  not s epa ra t e  and g ive  a s i n g u l a r i t y  i n  t h e  i n i t i a l  I 
d i r e c t  boundary-layer computation. Figure  4 a l s o  shows, f o r  i 
comparison, t h e  f i n a l  i n t e r a c t e d  t a n g e n t i a l  v e l o c i t y  d i s t r i b u t i o n .  
The presen t  ca l cu l a t i ons  a r e  in tended only t o  demonstrate 
t h i s  new i n t e r a c t i o n  procedure and thus ,  t o  s imp l i fy  t h e  ca lcu la -  
t i o n s ,  t h e  i n t e r a c t i o n  was assumed t o  be n e g l i g i b l e  upstrearan of  
t h e  maximum body rad ius .  A t  t h i s  po in t ,  t h e  t u rbu l en t  boundary- 
l a y e r  p r o f i l e  was assumed t o  be given by Colest  ( r e f .  13)  wall-  
wake formulation with  t h e  edge ve loc i ty  given by t h e  un in te rac ted  
i n v i s c i d  computation. Values f o r  t h e  boundary-layer t h i cknes s  
and s k i n - f r i c t i o n  c o e f f i c i e n t ,  which a r e  also requi red  in the  
wall-wake formulation,  were assumed and are t y p i c a l  of a turbu- 
5 lent boundary l a y e r  a t  a l o c a l  Reynolds number of  7.5 x 10 i n  
a zero p re s su re  grad ien t .  
9 
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In  t h e  presen t  c a l c u l a t i o n s ,  93 g r i d  po in t s  were used a c r o s s  
t h e  boundary l a g e r  and 80 i c  t h e  stre 
v i s c i d  c a l c u l a t i o n  was made with  81 and 41  grid p o i n t s  i n  t h e  
streamwise and l a t e r a l  d i r e c t i o n s ,  respec t ive ly .  The downstream 
boundary i n  t h e  i n v i s c i d  computation w a s  p laced a t  approximately 
t h e  same l o c a t i o n  a s  t h a t  used i n  t h e  boundary-layer corngutation. 
The v e l o c i t y  p o t e n t i a l  along t h i s  boundary was obtained by guad- 
ratic ex t r apo la t i on  of t h e  upstream values .  No problems w e r e  
encountered us ing  t h i s  procedure s i n c e  t h e  boundary was p laced  
s u f f i c i e n t l y  far  downstream where t h e  f l o w  v e l o c i t y  had n e a r l y  
recovered to  t h e  free-stream value.  
The i n t e r a c t e d  r e s u l t s  for t h e  pressure ,  displacement body, 
and sk in  f r i c t i o n  are shown i n  f i g u r e s  5 and 6 f o r  t h e  10 /1  and 
10/3 e l l i p s o i d s ,  respec t ive ly .  The Beynolds number used i n  t h e s e  
6 c a l c u l a t i o n s  is 1,553 x 1 0  based on the body l eng th  and free- 
stream ve loc i ty .  Attached Plow waw computed f o r  t h e  10/1 e l l i p -  
s o i d  as shown i n  f i g u r e  5(b); separa ted  f l o w ,  f o r  t h e  P Q / 3  
e l l i p s o i d ,  as shown i n  f i g u r e  Bgb). The p a i n t s  of' separa t ion  
and reattachmen* are denoted as S and R, r e spec t ive ly ,  18 
f i g u r e  6, I n  both cases  near  the  upstream boundary t h e  i n t e r -  
ac ted  p re s su re  d i f f e r s  only s l i g h t l y  from t h a t  obtained i n  t h e  
i nv i sc id  c a l c u l a t i o n  and t h u s  it is a reasonable  assumption t o  
neglect  t h e  boundary l a y e r  upstream of t h e  maximum body rad ius .  
Figures  5(a) and 6 (a )  show t y p i c a l  i n t e r a c t i o n  r e s u l t s ,  where 
it is seen t h a t  t h e  inc lus ion  of t h e  boundary l a y e r  remits i n  
pressure  d i s t r i b u t i o n s  vdth smal le r  g r a d i e n t s  than t h e  corres-  
ponding i n v i s c i d  9is t r ibut i .ons .  
I n  t h e s e  c a l c u l a t i o n s  a boundary-layer c a l c u l a t i o n  w a s  made 
after every 20 r e l axa t ion  cyc l e s  i n  t h e  i n v i s c i d  code 
Further  s tudy  needs t o  be  made t o  determine t h e  o p t h u m  number 
of i nv i sc id  cycles between boundary-layep computations so as to  
reduce computer time. The 10/l  e l l i p s o i d  took about 7 i n t e r -  
a c t i o n s  f o r  convergence and requi red  about 1.5 minutes of CIM: 
I 
CYBER-175 computer t i m e .  The 10/3 e l l i p s o i d  took about 10 
i t e r a t i o n s  and 2 minutes of computer t i m e  f o r  convergence. 
Conventional viscous-inviscid matching techniques genera l ly  
requi re ,  even f o r  mild i n t e r a c t i o n  cases ,  numerical mooth ing  
and underrelaxat ion a f t e r  each i n t e r a c t i o n  i t e r a t i o n  tc prevent 
divergence. I n  con t r a s t ,  t h e  present  ca l cu l a t ions ,  i n  which t h e  
i n t e r a c t i o n  is q u i t e  s i g n i f i c a n t ,  requi red  no smoothing o r  undw- 
re laxa t ion .  Smoothing is probably not needed i n  t h e  present  
i n t e r a c t i o n  procedure s i n c ~  it n a t u r a l l y  occurs  i n  t h e  i nve r se  
boundary-layer ca l cu l a t ion  when t h e  t angen t i a l  ve loc i ty ,  u,, is 
computed by in t eg ra t ing  t h e  presrmre grad ien t  deduced i n  t h e  cal- 
cu la t ion .  Numerical i n t eg ra t ion  tends  to  smooth t h e  r e s u l t s  i n  
c o n t r a s t  t o  numerical d i f f e r e n t i a t i o n ,  which occurs  i n  d i r e c t  
boundary-layer techniques where t h e  imposed pressure  grad ien t  is 
computed by numerically d i f f e r e n t i a t i n g  t h e  i n v i s c i d  pressure  
d i s t r i b u t i o n .  
The convergence 02 t h e  i n t e r a c t i o n  c a l c u l a t i o n  was acceler-  
a ted  somewhat as shown i n  f i g u r e  7 by using over re laxa t ion ,  
w = 1.5. In f i g u r e  %(a), s i x  streamwise l o e a t i o n s  along t h e  
displacement th ickness  d i s t r i b u t i o n  a r e  indicated.  I n  
f i g u r e s  7(b) and 7 (c )  t h e  convergence h i s t o r y  of  t h e  displace-  
ment th ickness  at  these  s i x  l oca t ions  is shown f o r  both w = 1 
and w = 1.5. It is seen t h a t  t h e  tose of  over re laxa t ion  has  t h e  
g r e a t e s t  e f f e c t  i n  reducing t h e  number of i t e r a t i o n  cyc les  at  
loca t ions  c and d,  where t h e  i n t e r a c t i o n  is t h e  s t ronges t .  Over- 
r e l axa t ion  was used f o r  only f i v e  i n t e r a c t i o n  cyc l e s  as it was 
found t h a t  an o s c i l l a t o r y  p a t t e r n  i n  t h e  convergence h i s t o r y  
p e r s i s t e d  if over re laxa t ion  was used throughout, Although t h e  
e f f e c t  shewn here  of over re laxa t ion  is r e l a t i v e l y  m a l l ,  it does 
appear t h a t  t h e  present  i n t e r a c t i o n  procedure is very promising. 
Further study is needed t o  deduce an optimum va lue  of t h e  over- 
r e l axa t ion  parameter. 
Converged s o l u t i o n s  obtained wi th  t h i s  new in+.eraction 
procedure demonstrate t h a t  t h i s  technique may be q u i t e  u se fu l  
f o r  flows wi th  s t rong  i n t e r a c t i o n  including smal l  separated 
regions. The presen t  approach mag even be p re f e r ab l e  t o  e x i s t i n g  
i n t e r a c t i o n  schemes f o r  a t t ached  flow s i n c e  t h e  presen t  proce- 
dure,  i n  t h e  c a l c u l a t i o n s  repor ted ,  requi red  no smoothing and 
over-relaxation was used. This  procedure should now be extended 
t o  compressible f low r;nd comparisons made wi th  experimental da t a .  
Since t h e  presen t  boundary-layer approach is a f i n i t e - d i f f e r e n c e  
technique, t h e  presen t  i n t e r a c t i o n  procedure should be q u i t e  
usefu l  f o r  t e n t i n g  var ious  turbulence models t o  improve t h e  
cur ren t  c a p a b i l i t y  i n  p red i c t i ng  t h e  d e t a i l e d  c h a r a c t e r i s t i c s  
of separated t u rbu len t  flow. 
REFERENCES 
Bauer, Frances; Garabadian, Paul ;  Korn, David; and Janeson, 
Antony: S u p e r c r i t i c a l  Wing Sec t ions ,  11. Springer-Verlag 
Publ i sher ,  1975. 
Wilmoth, Richard G.: Computation of Transonic B o a t t a i l  Flow 
With Separat ion.  NASA TP 1070, 1977. 
C a r t e r ,  James E.: Inverse  Boundary-Layer Theory and 
Comparison With Expeziment. NASA TP 1208, 1973. 
Ca r t e r ,  James E.; and Wornom, Stephen F.: So lu t ions  f o r  
Incompressible Separated Boundary Layers Including - 
Viscous-Inviscid In te rac t ion .  Aerodynamic Analyses 
Requiring Advanced Computers, P a r t  I ,  NeSA SP-347, 
3' . 1975, pp. 125-150. 
Davis, R.  T.; and Werle, M. J.: Numerical Methods f o r  
I n t e r a c t i n g  Boundary Layers. Univ. of Cinc inna t i  
Rept. No. AFL 76-8-23, Aug. 1976. 
Kuhn, Gary 33.; and Nielsen,  Jack N. :  P r ed i c t i on  of Turbulent 
Separated Boundary Layers. A I A A  Paper No. 73-663, 
J u l y  1973. 
Thiede, P. G. : Predic t ion  Method f o r  Steady Aerodymmic 
Loading on A i r f o i l s  With Beparated Transonic Flow. 
AGARD CP-204, P red i c t i on  of Aerodynamic Loading, 
Sept .  27-29, 1976. 
Brune, G. W.; Rubbert, P. E.; and Nark, T. C.,  Jr.: New 
Approach to  Inv i sc id  Flow/~undary-Lager  Satching.  
AIAA J . ,  vol.  13,  no. 7 ,  pp. 936-938, Ju ly  1975. 
South, J e r r y  C. ,  Jr.; and Jameson, Antony: Reiaxation 
So lu t ions  f o r  Inv i sc id  Axisymmetric Transonic Flow 
Over Blunt o r  Pointed Bodies. A I A A  Com~uta t iona l  F l u i d  
Dynamics Conference, Palm Springs ,  calif., pp. 8-17, . J U ~ Y  
1973. 
10. K e l l e r ,  James C . ;  and South, J e r r y  C., Jr.: RAXBOD: A 
Fo r t r an  Program f o r  Inv i sc id  Transonic-Flow Over 
Axisymmetric Bodies. NASA TM X-72531, Feb. 1976. 
11. Schl ich t ing ,  Hermann (Kest'in, J . ,  t r a n s l . ) :  Boundary U y e r  
Theory. Fourth ed. ,  McGraw-Hill Book Co., Inc . ,  c.  1960. 
12. Ca r t e r ,  James E.: STAYLAM: A For t ran  P r o g r m  f o r  t h e  Suct ion 
T rans i t i on  Analysis of a Yawed Wing Laminar Moundary Layer. 
NASA TM X-74013, &arch -1977. 
13. Coles,  D.: The Law of Wake i n  t h e  Turbulent Boundary Layer. 
. J. Fld.  Mech., vo l .  1, pp. 191-225, 1956. 



- . " "  
Figure 4.- Inviscid, i n i t i a l  and interacted tangential veloc i ty  
distributions. 





0 Overrelaxat ion 
w P 1 . 5  1 < 5  
0 = 1 . 0  1 2 6  
< 
i 
/, 
t 
j 
i 
i 
i 
' I  
.* 
If 
: 
i 
1 
3 
f 
; - 
' b 
? 
4 
I 
. "i 1 
4 
? 
3 
1 
1' f -  
I terat ion ,  i 
(b) Displaceaent thickness  convergence a t  locat ions  a ,  b, and c .  
Figure 7.- Continued. 
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(c) Displacement thickness convergence at locations d, e, f. 
Figure 7.- Concluded. i 
